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Abstract: In this work, we analyze the way in which pupil size, optical zone, and initial 
hyperopic level influence optical quality for hyperopic Q-optimized corneal refractive 
surgery. Different Q-optimized algorithms and the Munnerlyn formula were tested to analyze 
the optical quality of the final retinal image for initial hyperopic errors from 1D to 5D. Three 
optical zones (5.5, 6, and 6.5 mm) and two pupil diameters (5 and 7 mm) were considered. To 
evaluate optical quality, we computed the modulation transfer function (MTF) and the area 
under MTF (MTFa). Q-optimized values at around Q = −0.18 were found to provide the best 
optical quality for most of the conditions tested. This optimum final asphericity for hyperopic 
ablation was not depending on the degree of hyperopia corrected, the optical zone or the pupil 
size being this information important for clinical practice. 
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1. Introduction 
Of the many theoretical and experimental studies on visual quality after corneal refractive 
surgery, most refer to myopia [1–10] while fewer examine hyperopia [11–16]. As in myopia 
[1,6,7,10], experimental results on hyperopic correction show a decline in best-corrected 
visual quality after corneal surgery, with a post-surgical increase in corneal and total 
aberrations [13,14] as well as a deterioration in contrast sensitivity [12]. Some patients also 
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usually mention night-vision disturbances (NVDs), such as halos and glare, after hyperopic 
corneal refractive [17]. 

New ablation algorithms have been proposed to improve visual quality after corneal 
surgery as well as to minimize NVDs. The Munnerlyn formula [18,19] has been replaced by 
algorithms such as wavefront-guided [20], wavefront-optimized [12] and Q-optimized [21–
23] (with fixed post-operative corneal asphericity Q) that provide better results on visual 
quality. 

The role of different variables in visual quality after surgery is under discussion. For 
example, different works [9,10,24–26] have analyzed the relation of the optical zone, pupil 
size, and the initial degree of myopia to visual quality and NVD after myopic surgery. In this 
paper, we undertake a theoretical study on the role of pupil size, optical zone, and initial 
hyperopic level in hyperopic Q-optimized algorithms. We test different post-operative Q 
values and compare the results with those found using the Munnerlyn formula. This is the 
first study available that provides a theoretical analysis on this topic and it can be useful in 
clinical practice in order to choose the final Q value for hyperopic surgery based on different 
variables, such as optical zone, pupil size, and initial degree of hyperopia. 

2. Method 
Here, we used the eye model proposed by Liou and Brennan [27] to simulate hyperopic eyes. 
This model tries to predict the spherical and chromatic aberrations, as closely as possible to 
empirical results. The model provides values of Z4,0(μm) = 0.095 and Z4,0(μm) = 0.211 for 
ocular and corneal spherical aberration, respectively, in the case of a pupil diameter of 6.0 
mm. The axial length of the model was modified to provide the initial degree of hyperopia, 
from 1D to 5D, a range usually used in hyperopic surgery [11–16]. Eye models slightly 
modified to simulate ametropia have been used in the myopia simulations [2,28]. Zemax 
OpticStudio 16 (ZEMAX Development Corp. Bellevue, Washington, USA) was used for the 
computations. 

The ablation depth for the hyperopic correction, s(y), provided by the Munnerlyn formula 
(which considers the anterior cornea as a sphere) is given by [18,19,29]: 

 2 2 2 2
1 2 2 1( )s y R y R y R R= − − − + −  (1) 

with R1 and R2 being the radius pre- and post-surgery, respectively, and y is the radial distance 
from the optical axis. Equation (1) fulfills the required conditions s(0) = 0 for hyperopia [29]. 
In the case that we consider the eye to be a conic curve (described by radius and corneal 
asphericity), after simple computations [2,28] and imposing the condition s(0) = 0, we would 
have the following equation for the ablation depth, s(y): 

 ( ) ( )2 2 2 2 2 1
1 1 2 2

1 2 2 1

1 1
( ) (1 ) (1 )

1 1 1 1

R Rs y R y Q R y Q
Q Q Q Q

= − + − − + + −
+ + + +

 (2) 

with Q1 and Q2 being the pre-surgical and post-surgical corneal asphericity, respectively. 
Equations (1) and (2) are equal for Q1 = Q2 = 0, as expected. For both equations the number 
of diopters to correct, D, is related to the pre-surgical and post-surgical radius (R1 and R2, 
respectively) as follows [18,19]: 

 
2 1

1 1

0.375

D
R R

= −  (3) 

In Eqs. (1) and (2), we chose R1 = 7.77 mm and Q1 = −0.18 values provided by the Liou and 
Brennan’s schematic eye model [27]. Post-surgical R2 was determined from the initial degree 
of hyperopia to correct using Eq. (2). 
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We tested four different Q2 values chosen from those proposed by different models: Q2 = 
0.0 used in some aspheric algorithms [23] to offset the negative spherical aberration induced 
by hyperopic ablation; Q2 = −0.18 provided by the model of Liou and Brennan [27] as an 
average asphericity; Q2 = −0.45, given by Manns et al. [21] for targeting zero primary 
spherical aberrations, this criterion being used in algorithms such as CIPTA (Corneal 
Interactive Programmed Topographic Ablation; Ligi Custom Refractive Technologies, 
Taranto, Italy); and Q2 = −0.60, a Q-value calculated by an algorithm that optimizes the RMS 
spot size [22]. The results for the four different Q-algorithms tested were compared with 
those found using the Munnerlyn formula, Eq. (1). 

Ablation algorithms, Eqs. (1) and (2), were applied in the central zone of the anterior 
cornea to correct for the hyperopic error. The transition zone was selected as is usual in 
hyperopia [30]. The ablated surface and the original cornea were connected with a transition 
divided into two zones (concave and convex) to connect smoothly ablated and non-ablated 
zones. Third-degree polynomials were used to create this smooth transition. 

To evaluate the image quality, we computed the modulated transfer function (MTF) and 
the area under the MTF from 0 to 60 cycles per degree (MTFa). All calculations were 
performed at a wavelength of 555nm. 

Simulations were performed for a range of initial hyperopia values (from 1D to 5D), using 
three different sizes of the optical zone (5.5 mm, 6 mm, and 6.5mm). In all cases, we used a 
transition zone of 2.5 mm. Two different pupil sizes, one smaller than the optical zone (5 
mm) and the other greater than the optical zone (7mm), were tested. We also made tests for 4 
mm of pupil size but we verified that the trends in the results were similar to those found for 
the 5-mm pupil size. Our aim was to evaluate how these variables (initial degree of 
hyperopia, optical zone, and pupil size) can affect the final optical quality and the Q-
algorithm selection. 

3. Results 
Figure 1 shows MTF curves for a hyperopic correction of 2D and for an optical zone of 5.5 
mm with a) pupil of 5 mm and b) pupil of 7 mm; optical zone of 6.5 mm: c) pupil of 5 mm 
and d) pupil of 7 mm. MTF curves show that for low-medium frequencies (approx. 0-35 cpd) 
the Munnerlyn algorithm provides the best results while for high frequencies (>35 cpd) the 
algorithm Q = −0.18 offers better MTF. This occurs for a pupil size larger and smaller than 
the optical zone tested. Similar results were found for an optical zone of 6 mm. 
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Fig. 1. . MTF as a function of spatial frequency in cycles per degree (cpd) for 2D hyperopic 
correction for different Q-optimized algorithms and the Munnerlyn formula. Optical zone 5.5 
mm: (a) pupil 5 mm and (b) pupil 7 mm. Optical zone 6.5 mm: (c) pupil 5 mm and (d) pupil 7 
mm. 

Figure 2 shows the MTF for a hyperopic correction of 5D for an optical zone of 5.5 mm 
with a) a pupil size of 5 mm and b) a pupil size of 7 mm; and for an optical zone of 6.5 mm 
with a) a pupil size of 5 mm and b) a pupil size of 7 mm. For lower frequencies of around 20 
cpd the Munnerlyn formula provides the best results, while Q = −0.18 provides the best 
results for higher frequencies. These trends found for 2D and 5D were similar for other 
hyperopic corrections. 

                                                                                Vol. 8, No. 3 | 1 Mar 2017 | BIOMEDICAL OPTICS EXPRESS 1409 



 

Fig. 2. . MTF as a function of spatial frequency in cycles per degree (cpd) for 5D hyperopic 
correction for different Q-optimized algorithms and the Munnerlyn formula. Optical zone 5.5 
mm: (a) Pupil 5 mm and (b) Pupil 7 mm. Optical zone 6.5 mm: (c) pupil 5 mm and (d) pupil 7 
mm. 

More complete MTF information is provided by the MTFa (area under MTF). Figure 3 
shows the MTFa curves for all the conditions tested: three optical zones and the whole range 
of corrected diopters. For a pupil size of 5 mm, smaller than the optical zone, in all the 
ablation zones tested, the Munnerlyn formula and Q = −0.18 provide the best results for the 
entire range of diopters (1D-5D). From 2.5D, the Q = −0.18 algorithm provided the best 
results; in the range 1D-2.5D the Munnerlyn formula gave the best results in two cases 
(optical zones of 6 mm and 6.5 mm) and Q = −0.18 for the case of an optical zone of 5.5 mm. 

For a pupil of 7 mm (larger than the optical zone), the Munnerlyn formula offered the best 
results for a hyperopia degree up to 4.5D, while Q = −0.18 provided the second-best results. 
In the range 4.5D-5D, the Munnerlyn formula, Q = −0.18 and Q = −0.45, provided similar 
MTFa values. 
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Fig. 3. Area under the MTF (MTFa) as a function of the level of hyperopic correction for 
different Q-optimized algorithms and the paraxial Munnerlyn formula. (a) MTFa for 5-mm 
pupil and 5.5 mm of optical zone; (b) MTFa for 7-mm pupil and 5.5 mm of optical zone; (c) 
MTFa for 5-mm pupil and 6 mm of optical zone; (d) MTFa for a 7-mm pupil and 6 mm of 
optical zone; (e) MTFa for a 5-mm pupil and 6.5 mm of optical zone; (f) MTFa for a 7-mm 
pupil and 6.5 mm of optical zone. 

4. Discussion 
This study evaluates the effect of pupil size, optical zone, and initial hyperopic level on 
optical quality for hyperopic Q-optimized corneal refractive surgery. For this, we tested 
different post-operative Q values and compared the results with those found using the 
Munnerlyn formula. 

The first unexpected finding was that the Munnerlyn formula provided the best results for 
MTFa under a high percentage of conditions tested. It should be noted that the proposal of 
new algorithms in refractive surgery was justified by the worse visual quality provided by the 
non-optimized algorithms based on the Munnerlyn formula. An analysis of the post-surgical 
corneal asphericity for hyperopia when the Munnerlyn formula is used may explain these 
results. 

Theoretic post-surgical asphericity, Q2, using the Munnerlyn formula is given by [31]: 
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Equation (4) was deduced considering only the ablation algorithm. Other potential 
variables that influence corneal ablation such as the physical aspects of ablation, 
biomechanical effects [1,32–34] and different transition zones [35] were not considered. 
Analyzing Eq. (4), we observe that the post-surgical asphericity depends strongly on pre-
surgical asphericity, Q1, and varies with the degree of hypermetropia corrected. In our case, 
the pre-surgery asphericity was Q1 = −0.18, whereas on applying Eq. (4) for the range of 
hyperopia studied (1D-5D), we got a post-surgical asphericity ranging from Q = −0.18 to Q = 
−0.15. Therefore, we find that the Munnerlyn formula provides values similar to those of the 
case Q = −0.18, giving a maximum difference in asphericity with respect to the algorithm Q = 
−0.18 of ΔQ = 0.03 for 5D of initial hyperopia. 

Therefore, the good results found with the Munnerlyn algorithm appear to be due to the 
initial asphericity, Q1 = −0.18, from the model of Liou and Brennan [27]. Thus, we repeated 
the calculations modifying the value of the initial asphericity. For this, we took two initial 
asphericity values Q1 = 0 and Q1 = −0.40 (one higher and one lower than Q1 = −0.18). Figure 
4 shows the results of MTFa for Q1 = 0 (a and b) and Q1 = −0.40 (c and d) for different Q2 
and an optical-zone diameter of 6 mm (similar results were found for an optical-zone 
diameter of 5.5 and 6.5 mm). 

 

Fig. 4. Area under the MTF (MTFa) as a function of the level of hyperopic correction for 
different Q-optimized algorithms and the paraxial Munnerlyn formula for 6mm of optical 
zone: (a) MTFa for pre-surgery asphericity Q1 = 0.0 and 5-mm pupil; (b) MTFa for pre-surgery 
asphericity Q1 = 0.0 and 7-mm pupil; (c) MTFa for pre-surgery asphericity Q1 = −0.4 and 5-
mm pupil; (d) MTFa for pre-surgery asphericity Q1 = −0.4- and 7mm pupil. 

Figure 4 shows that, regardless of the pupil size, Q2 = −0.18 continued to provide the best 
MTFa results in most conditions, especially for a more prolate initial cornea (Q1 = −0.40). 
Only for Q1 = 0 and refractive errors greater than 3.5D, did the Munnerlyn algorithm offer 
better results than Q2 = −0.18. Therefore, the final asphericity value Q2 = −0.18 provided the 
best results under most of the conditions tested. As expected, the Munnerlyn formula did not 
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provide the excellent results achieved with an initial asphericity of Q1 = −0.18, the image 
quality strongly decreasing when the initial asphericity was varied, especially towards more 
negative values. 

Although the posterior surface of the cornea and the lens are not directly altered during 
refractive surgery, they are surfaces that influence eye aberrations. With the aim of making 
the results of this work independent from the fixed values selected in the model of Liou and 
Brennan [27], we proceeded with the same calculations but using theoretical variations in the 
asphericity parameters of the posterior cornea and the asphericity of the lens (both anterior 
and posterior). For the posterior surface of the cornea, the Liou and Brennan model assumes a 
value of Q = −0.6; experimental data [36] on corneal asphericity of the posterior cornea show 
a range of Q = −0.4 to Q = −0.1 for most of the experimental values in a wide range of ages. 
We repeated the calculations for posterior cornea assaying the values from Q = −0.4 to Q = 
−0.1 in steps of 0.1 while maintaining the other eye parameters of the Liou and Brennan 
model constant and, of course, the different degrees of initial hyperopia assayed. 

With respect to the lens, we repeated the calculations testing the data of the lens 
asphericity of the recent model of Polans et al. [37]. In this model the asphericity of the 
anterior and posterior lens were Q = −0.19 and Q = 0.82, respectively. To introduce greater 
variability in the values of the lens, we also made calculations increasing/diminishing ( ± ΔQ 
= 0.2) the asphericity values of the lens model of Polans et al. [37] in steps of 0.1. Also, we 
made the calculations with simultaneous combinations of variations assayed in the corneal 
and lens asphericity (anterior and posterior). We believe that these variations include a large 
quantity of values of aberrations of the cornea, lens, and total eye that may reflect a 
potentially broad range of individual variations in aberrations. 

 

Fig. 5. Area under the MTF (MTFa) as a function of the level of hyperopic correction for 
different Q-optimized algorithms and the paraxial Munnerlyn formula for 6mm of optical 
zone: (a) MTFa for pre-surgery posterior-cornea asphericity Q = −0.3 and 5-mm pupil; (b) 
MTFa for pre-surgery anterior-lens asphericity Q = −0.19, posterior-lens asphericity Q = 0.82 
and 7-mm pupil. 

Figure 5 shows the results for two of the conditions assayed: (a) Q = −0.3 for posterior 
cornea and (b) Q = −0.19 for anterior lens and Q = 0.82 for posterior lens. The results show 
no changes in the post-surgical trends, the value remaining at around Q = −0.18 as the post-
surgical value of corneal asphericity that provides the best results in most of the cases that we 
assayed (variations in asphericity of the posterior cornea and the lens, anterior and posterior). 

For hyperopia, we found that, for post-surgery asphericity values of around Q = −0.18, 
visual quality optimized under a broad variety of conditions: different optical-ablation zones 
and for pupils larger or smaller than the ablation zone. These results differ with respect to a 
similar study made on myopia [26]. The controversy surrounding the role of the pupil, optical 
zone, and the degree of initial myopia in relation to post-surgical visual quality is well known. 
A theoretic study [26] was conducted to verify whether the Q-optimized algorithm provides 
better quality. This study reported that it is not possible to have a final Q that optimizes visual 
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quality for all pupil size, optical zone, or initial degree of myopia, depending strongly on that 
optimization of these variables. In the case of hyperopia, our results showed that a value of 
around Q = −0.18 gave the best results under a great variety of experimental conditions. This 
result has far-reaching practical implications for a patient operated on for hyperopia. 

The present work does not take into account the effects of other variables influencing real 
hyperopic ablation, such as the physical and biomechanical effects, ageing effects and 
temporal changes in cornea and lens after surgery. For example, it is known that 
biomechanical effects could cause a deviation between expected and real corneal asphericity 
of ΔQ = 0.1 and some physical aspects could prompt a deviation ranging from ΔQ = 0.1 to 
ΔQ = 0.2 [38]. This is a theoretic study that has the advantage of being able to isolate and 
analyze the variables desired, i.e. in this case pupil size, optical zone, and initial degree of 
hyperopia. Of course, the practical effects during corneal ablation could alter the theoretic 
results presented here. In addition, we have not used a customized eye model [39] that can 
include real data from patients, but we must take into account that many clinics use Q-
optimized algorithms because they do not have experimental devices to measure many of the 
relevant eye parameters nor specific software to manage a customized corneal ablation. 

In summary, the results shown here indicate that in the case of correcting hypermetropia 
by refractive laser surgery, the value of final asphericity around Q = −0.18 provides good 
theoretical visual quality after surgery under a broad variety of clinically important 
experimental conditions: initial level of hyperopia, pupil size and different optical zones. 
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